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I. Introduction

T HIS Note specifically focuses on the aircraft lateral-
directional dynamics in the presence of nonlinearity in lateral

moments with respect to sideslip (static lateral moments). Such
nonlinearity is often encountered during flight in the regimes in
which the aerodynamic properties are nonlinear: for example,
during high-angle-of-attack flight. In the previous works by the
author [1–3], which focus on the multiple-degree-of-freedom
wing-rock dynamics at high angles of attack, the results imply that
by itself, the nonlinearity in the static lateral moments [such as that
considered here (cubic polynomial with respect to sideslip)] does
not lead to wing rock. Those analyses, however, consider only the
situation in which the nonlinearity is relatively weak. In [4], cubic
nonlinearity of static lateral moments with respect to sideslip is
shown to cause wing rock in a multimode system in certain
conditions. Because of these seemingly discrepant findings, the
topic is revisited here.

This Note presents detailed analysis of the lateral-directional
motion when the cubic type of static lateral moment nonlinearity is
present in the system. The equations of motion as derived in [3] are
used as the basis for the analysis. To gain physical insight into the
problem, an analytical approach using the multiple-time-scales
(MTS) method is used (see, for example, [5,6]). Both weak and
strong nonlinearity cases are considered.

II. Equations of Motion

Figure 1 shows an example of nonlinear variations in rolling and
yawing moment coefficients Cl and Cn with respect to the sideslip
angle �. The variations shown in the figure are typical for fighter
aircraft at high angles of attack, although the strength of the
variations may vary with configurations and flight conditions. Such
nonlinearity can be represented by adding cubic � terms in the
expression for the lateral moments. All other nonlinearities are
neglected in the current analysis, and thus the lateral moments can be
expressed as follows:

L=Ixx � L��� L�1�3 � Lpp� Lrr� L _�
_�

N=Izz � N��� N�1�3 � Npp� Nrr� N _�
_�

(1)

wherep is roll rate; r is yaw rate;� is sideslip angle; _� is sideslip rate;
Ixx and Izz are the moments of inertia of the aircraft about its body x
and z axes, respectively; L and N are the total rolling and yawing

moments, respectively; Li and Ni, where i� �, p, r, and _� are the
usual linear stability derivatives; andL�1 andN�1 are the coefficients
of the cubic sideslip terms, which represent the nonlinearity. In this
formulation, the coupling between the longitudinal and the lateral-
directional modes is neglected and the lateral-directional modes are
analyzed separately.

In [3], the nonlinear equations describing the attitude dynamics of
a rigid aircraft with a conventional configurationwith three rotational
degrees of freedom have been derived. In the derivation, the
trajectory of the center ofmass of the aircraft is assumed to be straight
and horizontal and is not affected by its attitude motion. The lateral-
directional part of the equations are used as the basis of the analysis
here and will not be rederived. With the preceding simplifying
assumption on the nonlinearity, the equations of motion can be
written as follows:

��� !2
1�� ~�1 _�� ~�2�� ~�2 _�� ~��3

��� ~�1�� ~�3�� ~�1 _�� ~�2 _�� ~��3
(2)

where � is the roll angle and

!2
1 ��1=�1 � n1n3���L� � n1N��s� � �N� � n3L��c��

~�1 � 1=�1 � n1n3��n3Lr � Nr � �Lr � n1Nr�t�
� �L _� � n1N _��s� � �n3L _� � N _��c��

~�2 � �g=V�c�=�1 � n1n3����Nr � n3Lr� � �Lr � n1Nr�t��
~�2 � �g=V�c�� 1=�1 � n1n3���Lp � Lrt�� n1�Np � Nrt���s�
� �Np � Nrt�� n3�Lp � Lrt���c��

~�� 1=�1 � n1n3���L�1 � n1N�1�s� � �n3L�1 � N�1�c��
~�1 � 1=�1 � n1n3��L� � n1N��
~�3 � �g=V��Lr � n1Nr�=�1 � n1n3�
~�1 � 1=�1 � n1n3��Lp � n1Np � �Lr � n1Nr�t��
~�2 � 1=�1 � n1n3��L _� � n1N _� � �Lr � n1Nr�=c��

~� � 1=�1 � n1n3��L�1 � n1N�1� (3)

where g is the gravitational acceleration; V is the nominal airspeed;
n1 and n3 are defined as Ixz=Ixx and Ixz=Izz, respectively; and c�, s�,
and t� denote cos �0, sin �0, and tan �0, respectively, where �0 is the
nominal angle of attack of the flight. Note that the coefficients of the

nonlinear lateral moment terms L�1 and N�1 appear only in
~� and ~�.

III. Weak Nonlinearity Case

As in [3], Eq. (2) is parameterized by imposing several
assumptions. First, only the case in which the damping terms are
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small is considered. Second, it is assumed that g=�!1V� is small,
where!1 represents the dominant frequency of the rotationalmotion.
This assumption indicates that the ratio of the time scale of the
translational motion to that of the rotational motion is small, which
implies that the rotational motion is uncoupled with the translational
motion. Additionally, in this section, the weak nonlinearity case is
considered, which can be mathematically expressed as

lim
x!�0

jN�x�j
jxj ! 0 (4)

where x� f� � _� _� gT and N�x� represents the nonlinear
terms in the equation.With these assumptions, the lateral-directional
equations of motion of the aircraft become

��� !2
1�� 	��1 _�� �2�� �2 _�� ��3�

��� �1�� 	��3�� �1 _�� �2 _�� ��3�
(5)

where 0< 	� 1. In the preceding equation, ~�	� 
 	�	�, except for
~�1 
 �1.
Applying the MTS method to Eq. (5) as detailed in [3] with

t! f
0; 
1; 
2g 
0 � t 
1 � 	
1
2t 
2 � 	t (6)

leads to approximate solutions of the following form (these results
are subsumed in those obtained in [3] and thus the details are not
repeated here):

�0 � A1�
2� sin�1 �1 
 !1
0 � B1�
2�

�0 ��
�1
!2
1

A1�
2� sin�1 � A2�
2� sin�!2
1 � B2�
2��
(7)

where !2
2 ����3 � �1�2=!2

1�. The slowly varying amplitudes A1

and A2 and phase corrections B1 and B2 in Eq. (7) are governed by

dA1

d
2
� �

2
A1

dB1

d
2
� rA2

1

dA2

d
2
� #

2
A2

dB2

d
2
� 0 (8)

where

�� �1 �
�1
!2
1

�2 r�� �1�2
2!3

1

#��
�
�2 �

�1�2
!2
1

�
(9)

In this case,A1 diverges when�> 0 and decays to zero when�< 0.
Similarly, A2 diverges when # > 0 and decays to zero when # < 0.
Thus, the condition for asymptotically stable motion is �< 0 and
# < 0. This analysis also indicates that the weak L�1 and N�1

nonlinearities do not give rise to a limit-ycle type of motion (wing
rock), which confirms the results in [3].

Using the parameters of a generic fighter aircraft as given in the
Appendix, the lateral-directional dynamic responses of the system
are simulated. Figure 2 shows such responses for the initial
conditions of ��0� � 0:1 rad and ��0� � 0:05 rad. In this case,
�> 0 and # < 0, and as predicted by the analysis, the � and �
responses exhibit oscillations with increasing amplitudes (unstable).
The amplitude asymmetry in the � response relative to �� 0 during
the transient (the first 10 s) is due to the stable homogeneous mode
that appears in the � solution, as indicated in Eq. (7). Both analytical
and numerical integration results are plotted in Fig. 2. As can be seen
from the figure, the analytical approximation obtained by the MTS
method is fairly accurate in predicting both the amplitude and
frequency of the responses. Various simulations performed also
indicate that the analytical results are accurate in predicting the
stability of the system.

IV. Strong Nonlinearity Case

An interesting case ariseswhen the nonlinearity due toL�1 andN�1
becomes stronger. In this case, the terms ��3 and ��3 in Eq. (5) can
no longer be put in theO�	� group. Themathematical formulation of
the problem becomes as follows:

��� !2
1�� ��3 � 	��1 _�� �2�� �2 _��

��� �1�� ��3 � 	��3�� �1 _�� �2 _��
(10)

Fig. 1 Variation of lateral moment coefficients with sideslip for full-
configuration aircraft (FWHV) and for the fuselage–wing combination

only (FW) [10].
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Fig. 2 Responses � and � for Cl�1
� 0:1 and Cn�1

� 0:04 with initial

conditions ��0; �0� � �0:1; 0:05� rad.
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TheMTSmethodwith three time-scale extensions as in Eq. (6) are
invoked to the problem. By these extensions, Eqs. (10) become
partial-differential equations as follows:
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Order-by-order analysis is then performed on the preceding
equation. The leading-order � equation is

O �1�: @
2�

@
20
� !2

1�� ��3 (12)

Equation (12) is the partial-differential equation version of the
undamped Duffing equation, which is known to have a periodic
solution. Because Eq. (12) is a partial-differential equation, the
constants of the integration are allowed to vary with the other
independent variables, which are the slower time scales 
1 and 
2. By
using the fact that at the amplitude of oscillation, @�=@
0 � 0, and by
multiplying Eq. (12) with @�=@
0 and then integrating, the following
equation is obtained:

�
@�

@
0

�
2

� �
2
�A2

1�
1; 
2� � �2�
�
2!2

1

�
� A2

1�
1; 
2� � �2

�
(13)

where A1�
1; 
2� is the slowly varying amplitude of the motion.
Separating the variables and then integrating leads to the following
solution [7]:

�� A1sn

�
!1

�����������������������
1 � �

2!2
1

A2
1

s

0

�
(14)

where sn is the Jacobian elliptic function. Equation (14) shows that�
is oscillatory, and for small-amplitude motions, it can be
approximated fairly well by [7,8]

��
0; 
1; 
2��A1�
1; 
2� sin�1 �1 
 �!1
0�B1�
1; 
2� (15)

where B1�
1; 
2� represents the phase correction of the solution and

�! 1 � !1

�
1 � 3

8

�

!2
1

A2
1

�

This representation simplifies the analysis further by the elimination
of the mathematical operations involving nonelementary functions.

Equation (15) indicates that the frequency of the solution is
dependent upon its amplitude. This is a consequence of
approximating a nonelementary solution in terms of elementary
functions. The dependence of the frequency on the amplitudes
complicates the analysis of the higher-order terms. However, for
small-amplitude motions (A1 � 1), the variation of �!1 due toA1 can
be neglected. Hence, �! will be assumed constant in the subsequent
analysis.

Substituting Eq. (15) into the leading-order terms of the� equation
from Eq. (11) and then integrating twice with respect to 
0 yields

��
0; 
1; 
2� � �
�
�1
�!2
1

A1�
1; 
2� �
3

4

�

�!2
1

A3
1�
1; 
2�

�
sin�1

� 1

36

�

�!2
A3
1�
1; 
2� sin 3�1 �G�
1; 
2� (16)

The secular term in Eq. (16), which appears from a degenerate
second-order differential equation and causes a breakdown in the
uniformity of the approximation, has been eliminated by the
construction of a counter term (see [9]).

The functions A1,B1, andG that are dependent on the slower time
scales can be found from the analysis of the lower-order terms in
Eq. (11). It can be shown that A1 and B1 are functions of 
2 only.
From the O�	� terms of the � equation, by using the approximation
�!2
1 � !2

1 � 3
4
�A2

1 and retaining only terms up to the third order in A1,
the following amplitude- and phase-correction equations are
obtained:

dA1

d
2
� 1

2
�A1 � p1A

3
1

dB1

d
2
� p2 � p3A

2
1 (17)

where

�� �1 �
�1
!2
1

�2 p1 ��
3

8
��2� � �1��

p2 ��
1

2

�1�2
!3
1

p3 ��
3

8

�2�

!3
1

(18)

The solution of the amplitude equation in Eq. (17) is

A1 �
�����������������
K��=2�

p
exp���=2�
2��������������������������������������

1 � Kp1 exp��
2�
p (19)

where K is a constant depending on the initial conditions.
Equation (19) has the following properties as t!1:

A1 ! 0 � < 0 A1 !
�������������
� �

2p1

r
� > 0 (20)

This solution indicates the presence of a Hopf type of bifurcation in
the system with �� 0 as the bifurcation point. For � < 0, this
particular mode is asymptotically stable. As� varies from a negative
to a positive value, the mode is no longer asymptotically stable. The
nature of the bifurcation is determined by the sign ofp1. Ifp1 > 0, the
bifurcation is of the subcritical type and the mode is divergent. If
p1 < 0, a limit-cycle type of oscillation is developed,which is known
physically as wing rock.

The homogeneous part of the � solution [G�
1; 
2�] can be found
by substituting ��G�
1; 
2� into the O�	� terms of the � equation,
which leads to

G�
1; 
2� � A2�
2� sin�2 �2 

�����������3p


1 � B2�
2� (21)

As can be seen fromEq. (3), the sign of �3 is determined by the sign of
the yaw damping derivative Nr and the rolling moment derivative
due to yaw rate Lr. For most aircraft, these derivatives are negative,
and so is �3. Therefore, inmost situation this mode is oscillatory. The

functionsA2 andB2 in Eq. (21) can be found from theO�	32� terms of
the � equation, which yields

dA2

d
2
� �1

2
A2

dB2

d
2
� 0 (22)

The solutions of these simple equations are as follows:

A2 � A20
exp

�
�1
2

2

�
B2 � constant (23)

It is obvious then that the stability of this specificmode is determined
by the sign of �1. This mode is asymptotically stable if �1 < 0 and
unstable if �1 > 0. The value of �1 is affected by the values of the
damping derivativesLp andNr and the cross-damping derivativesLr
andNp of the aircraft. At high angles of attack, Lp can be positive. If
the other damping derivatives cannot counter the positiveLp tomake
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�1 negative, then this mode is asymptotically unstable and wing rock
cannot be sustained in the system.

In the situation in which wing rock occurs (�> 0, �1 < 0, and
p1 < 0), its steady-state amplitude is given by the second expression
in Eq. (20). The amplitude value depends onp1, which is contributed
by the nonlinearity coefficientsL�1 andN�1 in this case. These results
imply that in addition to the satisfaction of�> 0 and � < 0, for wing
rock to occur, the values of theL�1 andN�1 coefficients must be such

that p1 < 0. In other words, these coefficients have to satisfy the
following conditions for wing rock to occur:

�2� � �1� > 0 (24)

These are the conditions that allow the system to achieve the
necessary energy balance to sustain wing rock.

These results confirm the observation in [4] and explain the
differences with the analysis carried out in [3]. Further, the results
here generalize previous findings by giving explicit conditions for
the occurrence of wing rock. Note that the� expression in Eq. (18) is
the same as that obtained in [3], which suggests that this type of
nonlinearity does not affect the onset of wing rock.

To examine the accuracy of the results obtained, dynamic
response simulations are performed using the aircraft parameters
given in the Appendix, subjected to the nonlinearity in the static
lateral moments, as shown in Fig. 3, which is associated with
Cl�1
� 10 and Cn�1

� 15. In this case, �> 0, �1 < 0, and

�2� � �1� > 0, which satisfy the wing-rock condition. Figure 4
shows the response of the system to the initial conditions of ��0� �
0:1 rad and ��0� � 0:05 rad. As predicted by the analytical results,
wing rock does occur in the system. Figure 4 also compares the
preceding analytical solution with the numerical integration result.
As can be seen, the analytical solution predicts the steady-state
amplitude of the wing-rockmotion fairly well. A slight phase error in
the analytical solution is observed and this error causes the phase
shift that becomes obvious after several cycles of oscillations. The
transient part of the rollmotion is not predicted very accurately by the
analytical solution; however, it does show the correct transient trend.
This inaccuracy is caused by the error in the homogeneous part of the
� solution. Considering the simplicity of the form, however, the
analytical solution predicts the overall motion fairly well. Although
not shown here, the cases in which the wing-rock conditions are
violated are also simulated numerically. Indeed, in such cases, wing
rock does not occur in the system and the analytical results predict the
stability properties accurately.

V. Conclusions

Lateral-directional aircraft dynamics under cubic variation of
lateral moments with respect to sideslip are analyzed in detail. Both
weak and strong nonlinearity cases are considered. Using the
multiple-time-scales method, approximate solutions are obtained,
and from these solutions, stability criterion for each mode of motion
as well as the wing-rock occurrence conditions are derived in terms
of the moment derivatives. The analytical results are shown to be
fairly accurate in predicting the overall motion characteristics.

The results obtained confirm the findings in [3] that the weak static
moment nonlinearity does not lead to wing rock. They also confirm
thefindings in [4], that the staticmoment nonlinearity can causewing
rock. However, the analysis here shows that wing rock can only
occur when the static lateral moment nonlinearities are strong.
Moreover, this work shows that the coefficients of the cubic terms
have to satisfy a certain condition for the occurrence of wing rock.
This condition is mainly affected by the rolling and yawing moment
derivatives with respect to roll rate and yaw rate. Such knowledge
can be very useful in aircraft design to avoid wing rock or in wing-
rock alleviation strategy of an existing aircraft.

Appendix: Generic Fighter Aircraft Parameters
for the Simulation

Ixx � 32; 000 kg 	m2 Izz � 200; 000 kg 	m2

Ixz � 3000 kg 	m2 b� 12 m S� 40 m2

�� 1:225 kg=m3 �0 � 30 deg V � 100 m=s

Cl ��0:4� � Cl�1�
3 � 0:002p � 0:006r� 0:018 _�

Cn � 0:25� � Cn�1�
3 � 0:001p � 0:06r � 0:006 _�

Note that in the preceding Cl and Cn formulas, the units of the
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Fig. 3 Static lateral moment nonlinearities used in the simulation.
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Fig. 4 Responses � and � for Cl�1
� 10 and Cn�1

� 15 with initial

conditions ��0; �0� � �0:1; 0:05� rad.
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parameters are radian for angle and radian/second for angular rate.
For the weak nonlinearity case, Cl�1

� 0:1 and Cn�1
� 0:04. For the

strong nonlinearity case, Cl�1
� 10 and Cn�1

� 15.
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